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A new model formulation and solution strategy for the design and simulation of processes involving multistream heat
exchangers (MHEXs) is presented. The approach combines an extension of pinch analysis with an explicit dependence
on the heat exchange area in a nonsmooth equation system to create a model which solves for up to three unknown var-
iables in an MHEX. Recent advances in automatic generation of derivative-like information for nonsmooth equations
make the method tractable, and the use of nonsmooth equation solving methods make the method very precise. Several
illustrative examples and a case study featuring an offshore liquefied natural gas production concept are presented
which highlight the flexibility and strengths of the formulation. VC 2015 American Institute of Chemical Engineers AIChE
J, 61: 3390–3403, 2015
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Introduction

Despite being ubiquitous in cryogenic processes, multi-

stream heat exchangers (MHEXs) are notoriously difficult to

model, simulate, and design. Such processes are by nature

extremely energy intensive, and therefore stand to benefit

greatly from accurate process optimization. However, without

effective and flexible models for heat exchange unit opera-

tions, accurate simulation and optimization of these processes

cannot be performed. Among those cryogenic processes which

utilize MHEXs, liquefied natural gas (LNG) production plants

are of key importance in the current global energy industry.

Due in part to the discoveries of large supplies of recoverable

shale gas in North America, interest in natural gas as a primary

fuel source has increased substantially in recent years. How-

ever, as natural gas must be compressed or liquefied for trans-

port in an economically viable manner over distances greater

than around 2000 miles (or around 700 miles for the case of

offshore gas),1 the final market price is a strong function of the

cost of the liquefaction operation. Indeed, on average, this

processing contributes around 52% of the total supply cost of

natural gas (adding around $1-2 per MMBTU to the final mar-

ket cost).2 Base-load LNG plants typically employ multi-

stream spiral-wound heat exchangers, the internal mechanisms

of which are generally proprietary, and the performance of

which are usually determined empirically. This application

alone presents a compelling case for the development of gen-

eral, rigorous, and versatile models for MHEXs for process

design and simulation.
The use of process simulation software is common in the lit-

erature involving processes with MHEXs. Commercial simu-

lators employ proprietary models which generally permit

solving for a single unknown variable, afforded by the energy

balance, typically taken as the one of the exchanger outlet

temperatures. However, as an example, the first author’s expe-

rience using the MHEATX block from Aspen Plus VR
3 suggests

there are no rigorous checks in place to avoid heat exchange

between two streams at very similar temperatures, or prevent

temperature crossovers. This leads to the somewhat frustrating

experience of needing to know parameter values which avoid

this problem a priori, which then leads to a “guess-and-check”

iterative approach to the MHEX simulation.
A more rigorous approach to modeling MHEX involves the

use of a superstructure concept.4,5 This approach works by

deriving a network of two-stream heat exchangers which is

equivalent to the MHEX. This model can also handle phase

changes along the length of the heat exchanger, as long as the

phase changes are known to happen a priori. The major disad-

vantage of this methodology is that simulating the MHEX

involves the solution of a nonconvex mixed-integer nonlinear

program model, which is extremely challenging to find glob-

ally, and would be highly undesirable to use within an outer

optimization routine when the simulation is needed as part of

a repeated function evaluation.
Another method for MHEX modeling borrows heavily from

pinch analysis and the analysis of composite curves. A recent

paper by Kamath et al.6 showed how to create a fully

equation-oriented model for MHEX by considering the unit

operation as a heat exchanger network that requires no exter-

nal utilities. The authors use the classic Duran and Gross-

mann7 formulation for heat integration in their model, which

will be more thoroughly discussed in the following section.

They also show how their model can detect and handle phase

changes through a disjunctive representation of the phase

detection problem, and also that their model is amenable to

cubic equations of state governing the thermodynamics. We

note that the simulation and/or design of MHEX here again

cannot be performed independently of solving a hard optimi-

zation problem.
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A common theme in both the Kamath et al. article and

much of the literature on pinch analysis is the use of smooth-

ing approximations to remove the nondifferentiability inherent

in the model, often with the formulation presented by Balak-

rishna and Biegler.8 Alternatively, some authors choose to use

the disjunctive mixed-integer model of the pinch operator

from Grossmann et al.9 Both these approaches introduce

small, sensitive, user-set, non-physical parameters which can

easily create numerical difficulties and inaccuracies. However,

with the recent advent of robust methods for solving non-

smooth equation systems and optimizing nonsmooth func-

tions,10–13 such approximations are no longer a necessary evil,

and the current work develops a model which handles nondif-

ferentiable functions directly. This relies heavily on the use of

tractable, automatic methods for calculating derivative-like

information, more information about which is found in the fol-

lowing section.
It is also notable that the MHEX modeling literature rarely

makes mention of the dependence of heat exchange area on

the performance of the operation. Rather, it is often assumed

that an exchanger of sufficient size is simply available, and the

size is only calculated following determination of the output

stream states, if at all. With the above discussion in mind, this

article develops a new model and solution procedure for

MHEX which solves for up to three unknowns, avoids return-

ing infeasible solutions, does not rely on approximations or

solving a hard optimization problem, and incorporates infor-

mation about the available heat exchange area into the proce-

dure. This model and the proposed solution method can be

used both in a standalone unit operation model for use in a

sequential-modular process simulation, or as the solution algo-

rithm and part of the equation system in an equation-oriented

simulation. An example of the latter functionality is shown in

a case study for an offshore LNG production process later in

the article. As a design tool, this model is intended for use at

the flowsheeting stage of design for processes involving one

or more MHEX units in order to determine stream states and

evaluate feasibility. The detailed equipment design necessary

before constructing MHEXs is not considered in this article

(nor is it in any of the previously cited literature).

Background

Standard models for heat exchangers

We begin the development of the new model for MHEX by

analogy to the well-known model of a countercurrent two-

stream heat exchanger as shown in Figure 1. Here, a hot

stream with (assumed) constant heat capacity flow rate F is

cooled from inlet temperature Tin to outlet temperature Tout by

exchanging heat with a cold stream with (assumed) constant

heat capacity flow rate f, which in turn is heated from inlet

temperature tin to outlet temperature tout.

The standard formulation of the model describing the trans-
fer of heat in the exchanger shown in Figure 1 is given by the

following equations:

FðTin2ToutÞ5f ðtout2tinÞ; (1)

Q � FðTin2ToutÞ5UADTLM; (2)

where Eq. 1 is the energy balance and Eq. 2 gives the relation-

ship between the total heat transferred Q and the overall heat
transfer coefficient U, the heat transfer area A and the log-

mean temperature difference DTLM (average driving force of
heat transfer). Additionally, there exists a third relationship

which governs this system but is generally not explicitly
considered:

DTmin5minfTin2tout;Tout2ting; (3)

where we will refer to DTmin as the minimum temperature dif-

ference or the minimum approach temperature. Explicitly
defining DTmin in this manner is nonstandard. In practice, this

quantity is often considered a parameter set a priori, which is
then used after Eqs. 1 and 2 are solved to judge the feasibility
of the result. However, for the current work, it is more useful

to think of Eq. 3 as an additional equation which provides
information about the state of the system. Note that DTmin > 0

in any physically realizable process design.
Now, consider the case of the MHEX model shown in Fig-

ure 2. As shown in the figure, we assume that the MHEX oper-

ates as an ideal countercurrent exchanger, so that all hot
streams are codirectional with each other, and all cold streams

are codirectional with each other and oppositely-directed to
the hot streams. Beyond this assumption, the internal geomet-

ric configuration of the exchanger is not considered in the
present work. We also make the common assumption that the
heat transfer consequences of fluid dynamics and the material

properties of the MHEX can be captured entirely by the over-
all heat transfer coefficient U. Let the index sets H and C cor-

respond to the hot streams and cold streams involved with the
MHEX, respectively. Equation 1 immediately generalizes to

the following energy balance:X
i2H

FiðTin
i 2Tout

i Þ5
X
j2C

fjðtout
j 2tinj Þ: (4)

However, the MHEX analogues of Eqs. 2 and 3 are less
obvious. Specifically, the concept of the log-mean temperature

difference has no immediate generalization to more than two
streams, and the minimum temperature difference could occur

at the inlet temperature of any stream.

Figure 1. Schematic of a countercurrent two-stream
heat exchanger.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Figure 2. Schematic of a multistream heat exchanger
with N hot streams and n cold streams.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]
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Fortunately, the problem of determining the minimum

approach temperature in MHEX can be linked to the well-

studied field of pinch analysis for heat exchanger networks.

Pinch analysis for heat integration

Pinch analysis is a methodology for minimizing the energy

consumption of a chemical process by optimizing heat recov-

ery between process streams. Interpreted graphically, this

translates to shifting the process hot and cold composite curves

on a temperature-enthalpy (T-Q) graph to maximize their

overlap (and hence minimize external utility requirements)

while maintaining a certain minimum temperature difference

between them (such that a non-negligible thermodynamic

driving force exists). The classic formulation of the pinch con-

straints for simultaneous heat integration and process optimi-

zation (due to Duran and Grossmann7) is given byX
i2H

FiðTin
i 2Tout

i Þ2
X
j2C

fjðtout
j 2tinj Þ1QH2QC50; (5)

APp
C2APp

H2QH � 0; 8p 2 P; (6)

where P5H [ C is the index set of pinch point candidates, QH

is the heat load of the heating utilities, QC is the heat load of

the cooling utilities, and APp
H and APp

C are defined by

APp
H5
X
i2H

Fi½maxf0;Tin
i 2Tpg2maxf0; Tout

i 2Tpg�; 8p 2 P;

(7)

APp
C5
X
j2C

fj½maxf0; tout
j 2ðTp2DTminÞg

2maxf0; tinj 2ðTp2DTminÞg�; 8p 2 P:

(8)

The temperatures of the pinch point candidates, Tp, are

defined by

Tp5
Tin

i ; 8p5i 2 H;

tinj 1DTmin; 8p5j 2 C:

(

As noted in Kamath et al.,6 a MHEX can be viewed as a

special case of a heat exchanger network where the external

utilities are not present (QH 5 0 and QC 5 0), which corre-

sponds graphically to there being complete vertical overlap of

the hot and cold composite curves on a T-Q diagram. Under

the assumption of maximum heat transfer in a heat exchanger

network, it is known that for at least one p 2 P, the heat deficit

constraint (Eq. 6) is active for any feasible set of stream condi-

tions,7 so the set of inequalities are equivalent to the single

equality constraint

max
p2P
fAPp

C2APp
Hg50: (9)

Additionally, the value of APp
C2APp

H is greater than 0

whenever the heating requirements of the cold streams above

the assumed pinch p exceed the available heat content of the

hot streams above this temperature level, indicating infeasible

heat transfer. The left-hand side of Eq. 9 takes a positive value

in this case. Together with the cited result, this implies that the

left-hand side of Eq. 9 is always greater than or equal to zero,

with equality whenever all heat exchange is feasible. Addi-

tionally, due to the nondifferentiability of the maxf0; yg func-

tion at y 5 0, the following smoothing approximation is often

used in practice, which is dependent on a user-defined parame-

ter b8:

maxf0; f ðxÞg �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f ðxÞ21b2

q
1f ðxÞ

� �
2

: (10)

However, an attractive feature of the formulation proposed
in this article is that no such approximation is needed; the non-
differentiable nature of the equation system is instead handled
directly.

Nonsmooth equation solving and generalized derivative
evaluation

Nonsmooth Newton methods are commonly used for solving
systems of nonsmooth equations. These methods are used to
solve the equation system fðyÞ50 by calculating a sequence of
iterates fykg starting from an initial guess y0, where the next
iterate is defined by solving the following Newton step for yk11:

GðykÞðyk112ykÞ52fðykÞ: (11)

Here, GðykÞ is a generalized derivative of f at yk. When the
specific type of generalized derivative evaluated is an element
of the B-subdifferential of f at yk, the method has the highly
desirable property that it converges quadratically in the local
neighborhood of the solution, under the additional nontrivial
assumption that all elements of the B-subdifferential at the
solution are nonsingular.12 The B-subdifferential is defined as
follows.

DEFINITION I. Let f : X! Rm, where X is an open subset
of Rn, be a given function that is locally Lipschitz continu-
ous in a neighborhood N � X of a vector x. Define the B-
subdifferential @BfðxÞ to be the nonempty set of limits of
sequences fJfðxkÞg, where each xk 2 X is a differentiable
point of f, JfðxkÞ is the Jacobian matrix of f at xk, and the
sequence fxkg converges to x. Symbolically,

@BfðxÞ � fH 2 Rm3n : H5 lim
k!1

JfðxkÞ;

for some sequence fxkg ! x; xk 62 NGg;
(12)

where NG is the set of points of measure zero where f is not
differentiable.

As an example, let f : R! R be defined by f ðxÞ5jxj. Then
f is only non-differentiable at x 5 0, and the B-subdifferential
of f at x 5 0 is given by @Bf ð0Þ5f21; 1g. Elsewhere, the B-
subdifferential is a singleton corresponding to the standard
derivative. In general though, calculation of elements of the
B-subdifferential is highly nontrivial. However, recent advan-
ces by Khan and Barton14 have provided a method for calcu-
lating generalized derivatives automatically for certain classes
of functions, using an analog of the vector forward mode of
automatic differentiation for smooth functions (the reader
unfamiliar with the concept of automatic differentiation is
referred to the 2008 book by Griewank and Walther15). In this
work, we focus on automatically calculating generalized
derivatives for abs-factorable functions, first defined by Grie-
wank,16 though the method of Khan and Barton14 is in fact
applicable to an even broader class of functions. We define an
abs-factorable function here as a finite composition of absolute
value functions and smooth functions. A more rigorous discus-
sion of this class of functions can be found in articles by Khan
and Barton14 and Griewank.16 Note that the pairwise max and
min functions can be expressed in terms of the absolute value
function, and as such fall into the category of abs-factorable
functions. It is also possible to speak of an algorithm as being
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abs-factorable if it can, after unrolling all loops, be represented

as an abs-factorable function.17 This implies several properties

about the algorithm, namely, that it does not employ any dis-

continuous selection (if-else) statements, and that the algo-

rithm must compute the exact same sequence of factors for all

inputs of the same data size.
The automatic method of Khan and Barton14 can evaluate

lexicographic directional (LD) derivatives for an abs-

factorable function. We forego the precise definition here to

keep the exposition clear, and instead say that it is sufficient to

think of the LD-derivative as a generalization of the classical

directional derivative which is resolved in a sequence of p
directions, instead of a single direction. For a function f : X
� Rn ! Rm with X open, the LD-derivative of f at a vector x

2 X in the directions M 2 Rn3p is denoted by

f 0ðx; MÞ 2 Rm3p. In this work, the matrix M of directions will

usually be taken as the n 3 n identity matrix I. Of particular

interest for this work is the fact that the LD-derivative of an

abs-factorable function in the directions I is also guaranteed to

be an element of that function’s B-subdifferential.14 This

implies that we can achieve local quadratic convergence to a

solution of a nonsmooth equation system using nonsmooth

Newton methods that employ automatically calculated LD-

derivatives as the generalized derivative information.

Formulation of MHEX Minimum Approach
Temperature Constraint

To enforce feasible heat transfer in MHEX, we will use a

variant of Eq. 9 in the model. However, we do not wish to use

Eqs. 4 and 9 directly in an equation solving procedure because

the system will usually have a nonunique solution; there are

many sets of stream conditions that give feasible heat transfer

for a MHEX in energy balance. While there are nonsmooth

equation solving methods that can tolerate nonuniqueness (one

of which is discussed further later), the single solution that is

returned becomes dependent on the initial guess provided to

the solver.
Instead, we wish to formulate the problem so that its only

solution is the one corresponding to the minimum temperature

difference between hot and cold streams in the MHEX being

exactly DTmin. A solution of this form maximizes the heat

transferred in the MHEX. Geometrically, this is the problem

of attempting to reduce the smallest vertical separation

between the hot and cold composite curves to exactly DTmin.

This is equivalent to the problem of reducing the smallest hori-

zontal distance between the composite curves to zero after

applying a temperature shift of DTmin to the cold curve.
To obtain functions which describe the shape of the com-

posite curves, we reverse the order of the temperature terms

inside the max statements of APp
H and APp

C and take the nega-

tive of the expressions. We are therefore accounting for heat

transfer below, rather than above, the pinch. We also note that

both curves are not defined at every temperature, and so the

horizontal distance could be undefined at certain points. This

can be solved by creating nonphysical extensions of the curves

which extend to the maximum and minimum temperatures

existing in the heat exchanger by adding additional terms.

With these modifications, the hot and cold composite curve

enthalpy values corresponding to each pinch point temperature

are defined using the following expressions:

EBPp
H5
X
i2H

Fi½maxf0;Tp2Tout
i g2maxf0;Tp2Tin

i g

2maxf0; Tmin2Tpg1maxf0;Tp2Tmaxg�;8p 2 P;

(13)

EBPp
C5
X
j2C

fj½maxf0; ðTp2DTminÞ2tinj g2maxf0; ðTp2DTminÞ2tout
j g

1maxf0; ðTp2DTminÞ2tmaxg2maxf0; tmin2ðTp2DTminÞg�; 8p 2 P;

(14)

where Tmax is the maximum hot stream inlet temperature, Tmin

is the minimum hot stream outlet temperature, tmax is the max-

imum cold stream outlet temperature, and tmin is the minimum
cold stream inlet temperature. In each equation, the last two

terms correspond to the nonphysical extensions of the curves.

We also note that whenever one of these additional terms is
nonzero in Eq. 13, it will be multiplied by the sum of all the

hot stream heat capacity flowrates, and similarly for Eq. 14

with the sum of the cold stream heat capacity flowrates. Figure

3 shows the full extended composite curves generated by eval-
uating Eqs. 13 and 14 for an example set of inlet and outlet

temperatures for a MHEX. In practice however, the expres-

sions need only be evaluated at the known pinch candidate
temperatures. We also note that it is entirely possible to trans-

form Eqs. 13 and 14 into expressions which preserve the order

of terms and signs in Eqs. 7 and 8, however, the geometric
interpretation for the form of the extensions is less obvious in

this formulation.
The smallest horizontal distance between the extended com-

posite curves can now be found by solving

min
p2P
fEBPp

C2EBPp
Hg50: (15)

It can also be seen that the expression inside the min state-

ment of Eq. 15 is negative at any pinch temperature where the
hot composite curve lies to the right of the shifted cold com-

posite curve, and positive where it lies to the left, as indicated

in Figure 3. After calculating EBPp
C2EBPp

H;8p 2 P, we solve
Eq. 15 by searching through the finite set P to find the mini-

mum. This can be done using an abs-factorable algorithm in

analogy to Algorithm 6.1 in Khan and Barton17 (first comput-
ing Tmax;Tmin; tmax; tmin and then evaluating Eqs. 13, 14, and

15 in place of Eqs. 7, 8, 9). As such, generalized derivatives

Figure 3. Illustration of the extended composite curves
generated by the expressions EBPp

C (blue)
and EBPp

H (red) when P is expanded to
include both inlet and outlet temperatures.

The dashed lines indicate the extended portions of the

curves added by the last two terms in Eqs. 13 and 14. The

sign of EBPp
C2EBPp

H is indicated in the various regions

of the plot. [Color figure can be viewed in the online issue,

which is available at wileyonlinelibrary.com.]
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can be calculated automatically for Eq. 15 with respect to the
unknown variables. We now present a small example to exam-
ine the method thus far and highlight an additional issue with
the solution process.

EXAMPLE I. Consider the process data in Table 1 for two
hot streams and two cold streams in a MHEX (adapted from
a heat exchanger network example in Smith18).

Let DTmin5108C for this example. The equation system that
must be solved for the unknown temperatures y1 � Tout

H2 and y2

� tout
C2 consists of Eqs. 4 and 15. For the solution to be feasible,

we must also have that Tout
i � Tin

i ;8i 2 H and
tout
j � tin

j ; 8j 2 C. When modeling a MHEX using this formula-
tion, it is recommended that one unknown correspond to a hot
stream outlet and the other correspond to a cold stream outlet,
as is the case here. Figure 4 shows the residual functions for
Eqs. 4 and 15 plotted for a range of y1 and y2 values around
the solution.

The system is clearly nonsmooth, and so we apply Eq. 11
iteratively to the problem from the initial guess y05ð80; 230Þ,
the solution from Smith18 with utilities present. We use the
infinity norm of the residual functions as the basis for termina-
tion; here we consider the problem to have converged when
the value is less than 1029. The solution corresponding to the
MHEX which maximizes heat transfer is found after just a sin-
gle iteration to be ŷ5ð120; 205Þ. The (non-extended) compos-
ite curves at the solution are shown in Figure 5. Figure 6
shows the zero-level contours of Eqs. 4, 9, and 15 applied to
this example over a range of values for y. We note that the
solution is unique using the proposed formulation, but that
there are infinitely many solutions if we use Eq. 9 in place of

Eq. 15, since its residual is zero over a large region that par-
tially overlaps with the zero-level contour of the energy bal-
ance residual. Note that both of these formulations will have
flat regions in the residual plots; such regions are a natural fea-
ture of the MHEX problem because unknowns such as inlet
and outlet temperatures will only influence the minimum dis-
tance between the composite curves over limited ranges of
values. However, the extensions we have defined have the
effect of moving this flat region to a nonzero residual function
value, which eliminates the nonuniqueness of the solution in
many cases.

We also note that if a nonsmooth Newton method is started
from any point with y1 > 130, where the surface correspond-
ing to Eq. 15 is flat, the method fails to solve the Newton step
for the next iterate because the generalized derivative is a sin-
gleton corresponding to the standard Jacobian matrix, which is
singular.

Table 1. Stream Data for Example 1

Stream
Name

Tin or
tin (8C)

Tout or
tout (8C)

F or f
ðMW�C21Þ

H1 250 40 0.15
H2 200 y1 0.25
C1 20 180 0.20
C2 140 y2 0.30

Figure 4. Equation system in the vicinity of the solution
for Example 1.

The intersection of the two surfaces is indicated by the

solid line. The solution point is shown both on the surfa-

ces and projected onto the y1-y2 plane. [Color figure can

be viewed in the online issue, which is available at

wileyonlinelibrary.com.]

Figure 5. The composite curves corresponding to the
multistream heat exchanger simulated in
Example 1.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Figure 6. Zero-level contours for Eqs. 4 (black line), 9
(shaded region), and 15 (red line) for the
problem in Example 1 over a range of values
for the unknown temperatures.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]
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As a result of the unavoidable presence of singular Jaco-
bians, the nonsmooth Newton method based on Eq. 11 cannot
solve the problem starting from any possible initial guess.

Recently, Facchinei et al.13 developed a linear program (LP)
based Newton method that works for nonsmooth equation sys-
tems and does not require nonsingularity of generalized deriv-
ative elements. At each step, this method solves the following

LP for the next iterate:

min
c;y

c

s:t:kfðykÞ1GðykÞðy2ykÞk1 � ckfðykÞk2
1;

kðy2ykÞk1 � ckfðykÞk1;
c � 0;

y 2 Y: (16)

In practice, the infinity norms are replaced by their equivalent
linear reformulations. This method is well suited for the problem
at hand. In addition to not failing when given a singular general-

ized derivative element, the method achieves local Q-quadratic
convergence when an element of the B-subdifferential is used
for GðykÞ, and allows for known polyhedral bounds (expressed
as the set Y) on y to be included in the LP. As an example, a use-

ful bound that could be added when DTmin is an unknown is
DTmin � DTtol, where DTtol > 0 is the smallest approach temper-
ature that would be tolerated in operation. The bounds on the
unknown temperatures should also be enforced, for instance, if

some yk corresponds to a hot stream outlet temperature Tout
i for

some i, then we add the constraint yk � Tin
i . This prevents the

hot stream from gaining heat as if it were a cold stream, which

would invalidate the model. Analogous constraints can be
imposed for variables corresponding to inlet or cold stream tem-
peratures. Using the LP-Newton method on the problem given in
Example 1 gives the correct solution regardless of whether or not

the Jacobian is singular at the initial guess, although the method
is no longer exact for linear equations as the previous method
was, so the number of iterations needed to converge is greater
(around 40 iterations were needed for all initial guesses tested).

Formulation of MHEX Area Constraint

Consider now an analogue of Eq. 2 for the MHEX case.
Define K as the index set for the points at which the composite
curves are nondifferentiable (kinks), as well as their endpoints,

then for k 2 K, let Qk denote the enthalpy value at this kink or
endpoint, which could occur on either the hot or cold composite
curve. Now suppose we have a list of triples of the form
ðQk; Tk; tkÞ, ordered by nondecreasing Qk value. For each of

these triples, Tk is the temperature on the hot composite curve at
Qk, and tk is the temperature on the cold composite curve at Qk.
An adjacent pair of triples in the list demarcates an interval of
the composite curves in which part of MHEX can be modeled

as a two-stream heat exchanger. A simple expression for the
total required heat transfer area of a network of two-stream heat
exchangers which can be applied to MHEX is as follows18,19:

UA5
X
k2K
k 6¼jKj

DQk

DTk
LM

; (17)

where DQk5Qk112Qk is the width of enthalpy interval k,
jKj52ðjHj1jCjÞ, and DTk

LM is a modified version of the log-

mean temperature difference across this same enthalpy inter-
val which is defined later in this section. Figure 7 illustrates

the definitions of Qk and DQk for a sample set of composite

curves. Note that for this work, we assume that there can be no

transverse heat transfer between adjacent enthalpy intervals.
In standard practice, heat transfer area is calculated after

heat integration is performed, and the the integrated composite

curves are used to define the enthalpy intervals. However, in

this work, we wish to include Eq. 17 in the system of equa-

tions being solved simultaneously, so that we have an addi-

tional unknown for simulation and the area is specified as part

of the problem input. This creates some difficulty, as we must

calculate the full sorted list of ðQk;Tk; tkÞ triples at each itera-

tion, starting from an incomplete list of just the inlet and outlet

temperatures which are arranged in an arbitrary order. Further-

more, this must be done using an algorithm for which we can

calculate valid generalized derivatives.
We begin by arbitrarily ordering the set of inlet and outlet

temperatures into a list indexed by a set L of size jKj. Then for

each l 2 L, we calculate the pre-sort enthalpy Pl using one of

the following equations:

Pl5
X
i2H

Fi maxf0; Tl2Tout
i g2maxf0;Tl2Tin

i g
� �

;

Tl 2 fTin=out
i : i 2 Hg;

(18)

Pl5
X
j2C

fj maxf0; tl2tinj g2maxf0; tl2tout
j g

� �
;

tl 2 ftin=out
j : j 2 Cg:

(19)

This provides all the enthalpy values we need to calculate

the heat transfer area, but they are out of order and not yet

associated with the corresponding pair of temperatures on the

composite curves. To correct the order, we create a list of tri-

ples, each of the form ðPl; Tl; tlÞ, in which each Pl is associated

with either the hot or cold temperature used in its calculation

(and as such one of the temperature entries is currently

unknown in each triple). We then sort this list into nondecreas-

ing order based on enthalpy value to set up the intervals for

Eq. 17 correctly. If the sort is performed using a na€ıve bubble

sort, implemented as shown in Figure 8, then the only

Figure 7. Example of the enthalpy intervals used in the
calculation of Eq. 17.

Solid circles represent the temperatures which are part

of the data for the problem, hollow circles represent

those which must be calculated. In the case where the

endpoints of the composite curves do not align, one

curve must be extrapolated out to the end of the other

(dashed line). [Color figure can be viewed in the online

issue, which is available at wileyonlinelibrary.com.]
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operations involve taking the max or min of two values. The
loops are run over the entire length of the list to ensure that the
same number of operations are performed for a given input
size, regardless of how well-sorted the input data is. These
conditions imply that the sort algorithm has an abs-factorable
representation and therefore has well-defined LD-derivatives
which can be calculated automatically. We therefore view the
sorting operation as a nonsmooth function which maps the
unsorted input to the sorted output. As shown in Khan and
Barton,14 LD-derivatives obey a sharp chain rule, so by evalu-
ating the LD-derivatives of the sorting function in the direc-
tions set by the LD-derivatives of the inner function which
maps y to the list of Pl values, as given in Eqs. 18 and 19, we
obtain valid LD-derivatives of the composite function in the
original directions I. Example 2 demonstrates this initial part
of the procedure.

EXAMPLE 2. Consider the stream data from the previous
example at the solution point ŷ. We begin by calculating the
enthalpy values and their LD-derivatives at ŷ in the direc-
tions I. This is performed in the C11 programming lan-
guage using the implementation of automatic LD-derivative
evaluation described in Khan and Barton.14 Table 2 contains
these values for this example.

We arrange this data into triples of the form ðPl; Tl; tlÞ and
apply the bubble sort algorithm to sort by nondecreasing
enthalpy value. The result of this operation is the list of cor-
rectly ordered but incomplete triples as shown in Table 3.

We note that here, the LD-derivatives associated with each Pl

prior to the sort remain associated with the corresponding vari-
able in the sorted order. In general, however, this need not be
the case. For instance, if for l 5 1, we instead had
Pl0 ðŷ; IÞ5½0.25 0], then following the sort, the ordering of tri-
ples is identical, but Q70 ðŷ; IÞ5½0 0.3], and Q80 ðŷ; IÞ5½0.25 0].

Now we must calculate the missing temperature in each of the
triples. Given Qk, if Tk is unknown, we must solve Eq. 20 for Tk.
Similarly, if tk is unknown, then we must solve Eq. 21 for tk:

Qk2
X
i2H

Fi maxf0; Tk2Tout
i g2maxf0;Tk2Tin

i g
� �

50; (20)

Qk2
X
j2C

fj maxf0; tk2tin
j g2maxf0; tk2tout

j g
� �

50: (21)

Unfortunately, there seems to be no way to solve either of
these equations for the unknown temperature without the use

of selection statements, and so any such algorithm would not
have an abs-factorable representation. Therefore, since we

cannot guarantee that valid B-subdifferential elements would
be obtained by differentiating the solution algorithm, we must

proceed by a different method.
If no restrictions are placed on the algorithm, the value of

the unknown temperature, denoted by T̂
k

or t̂
k
, that satisfies

Eqs. 20 or 21 can be determined by a simple search and inter-

polation procedure over the piecewise affine segments of the
relevant composite curve. As shown in Figure 7, if the com-

posite curves do not exactly align, the shorter curve can be
extrapolated to the end of the longer one to find the corre-

sponding temperature.
We then need to calculate independently the LD-derivatives

of this temperature at the value of the vector of unknowns, ŷ, in
the original directions I, for example, Tk0 ðŷ; IÞ or tk

0 ðŷ; IÞ.
However, we cannot do this directly, so instead we think of Eq.
20 (and analogously Eq. 21) as hðTk; y;QkðyÞÞ50, for the func-

tion h : R3Rny 3R! R defined by the left-hand side of Eq.
20. Therefore, we have an implicit function g : Rny 3R! R

defined by the equation hðTk; y;QkðyÞÞ50, such that
TkðyÞ5gðy;QkðyÞÞ, for all y in a neighborhood of ŷ. We note
that the implicit function here depends on Qk which is (possi-

bly) a function of the unknowns y, so we apply the chain rule to
obtain the desired LD-derivatives Tk0 ðŷ; IÞ5g0ððŷ;QkðŷÞÞ; MÞ,
where the directions M are determined by the LD-derivatives
of the previous operations which calculated QkðŷÞ. To calculate
the LD-derivatives g0ððŷ;QkðŷÞÞ; MÞ correctly, we invoke the

lexicographic implicit function theorem from Khan.20 The
form of the lexicographic implicit function theorem suggests an

algorithm for calculating this derivative, based on searching
through the family Fh of continuously differentiable selection

functions / which comprise the piecewise continuously-
differentiable function h. The correctness of this algorithm was
proven by Khan,20 and the algorithm itself is reproduced in Fig-

ure 9 here.
The computational complexity of this algorithm applied

na€ıvely is exponential in the number of hot and cold streams

because of the presence of 4jHj selection functions due to the
binary max terms in the definition of h, where each term has

two possible differentiable functional forms that could be
active at hðT̂ k

; ŷ;QkðŷÞÞ. However, this unfavorable scaling

Figure 8. The na€ıve bubble sort algorithm.

Table 2. Temperature-Enthalpy Data for the Streams in

Example 1

l Temperature ID Temperature (8C) PlðŷÞðMWÞ Pl0 ðŷ; IÞ
1 Tin

1 250 51.5 [20.25 0]
2 Tout

1 40 0.0 [0 0]
3 Tin

2 200 44.0 [20.25 0]
4 Tout

2 120 12.0 [0.15 0]
5 tin

1 20 0.0 [0 0]
6 tout

1 180 44.0 [0 0]
7 tin

2 140 24.0 [0 0]
8 tout

2 205 51.5 [0 0.3]

Table 3. Results of the Bubble Sort Operation on the Triples

Generated from Table 2

k ðQkðŷÞ;Tk; tkÞ Qk0 ðŷ; IÞ
1 (0, 40, –) [0 0]
2 (0, –, 20) [0 0]
3 (12, 120, –) [0.15 0]
4 (24, –, 140) [0 0]
5 (44, 200, –) [20.25 0]
6 (44, – 180) [0 0]
7 (51.5, 250, –) [20.25 0]
8 (51.5, –, 205) [0 0.3]

The symbol “-” represents those temperatures which have yet to be
calculated.
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can be mitigated by using the calculated value of the unknown

temperature itself to reduce the number of possible active

selection functions. Once the value and the corresponding LD-

derivative of the unknown temperature have been calculated,
they are copied into the appropriate object type and used in

the remainder of the procedure. Example 3 demonstrates the

application of the lexicographic implicit function theorem.

EXAMPLE 3. Consider the triples from the previous exam-
ple. A kink in the cold composite curve is located at Q̂

k
544

MW, corresponding to a cold stream temperature value of
t̂
k
5180�C. We notice that here, the hot temperature value is

actually already known at this enthalpy value, so T̂
k
5200�C

(if this was not the case, we could interpolate on the rele-
vant affine segment to find T̂

k
). Note that the LD-derivatives

(and regular derivatives) of Qk at this ŷ are all zero, since
the value of the cold stream outlet variable ŷ25205�C is
strictly greater than all other cold stream temperatures, and
so Eq. 21 shows that only the zero selection function of the
max term involving y2 � tout

2 will be active when t̂5180�C.
For notational consistency with the algorithm in Figure 9,
define zðyÞ5ðy; QkðyÞÞ, and then the direction matrix M is
given by

M5
I

Qk0 ðŷ; IÞ

" #
5

1 0

0 1

0 0

2
664

3
775:

Then we can write Eq. 20 for this example as follows:

hðTk; zÞ5z32F1 maxf0;Tk2Tout
1 g2maxf0;Tk2Tin

1 g
� �

2F2 maxf0;Tk2z1g2maxf0;Tk2Tin
2 g

� �
50:

Na€ıvely, we would need to consider 16 different continuous

selection functions here to account for the four max terms;

however, we note that three of the max terms will only have a
single active selection function, since T̂

k
> Tout

1 ; T̂
k
< Tin

1 ,

and T̂
k
> ẑ1. In the final term however, T̂

k
5Tin

2 , so we will

have two possible differentiable selection functions to con-

sider: /1;/2 2 F hðT̂
k
; ẑÞ, where

/1ðTk; zÞ5z32F1 Tk2Tout
1

� �
2F2 Tk2z1

� �
;

/2ðTk; zÞ5z32F1 Tk2Tout
1

� �
2F2 Tk2z1

� �
1F2 Tk2Tin

2

� �
:

Evaluating the required derivatives gives

@/1

@z
ðT̂ k

; ẑÞ5½F2 0 1�; @/2

@z
ðT̂ k

; ẑÞ5½F2 0 1�;

@/1

@Tk
ðT̂ k

; ẑÞ52ðF11F2Þ;
@/2

@Tk
ðT̂ k

; ẑÞ52F1:

In practical implementation of this algorithm, these expres-

sions can all be calculated using automatic differentiation.

Solving the linear system
@/1

@Tk ðT̂
k
; ẑÞA152

@/1

@z
ðT̂ k

; ẑÞM for A1

then yields A15½ F2

F11F2
0�5½0:625 0�. However, evaluation of

the LD-derivative of h yields h0ððT̂ k
; ẑÞ; ðA1;MÞÞ 5½0:15625 0�,

indicating that g0ðẑ; MÞ 6¼ A1. Solving the linear system involv-

ing /2 gives A25½F2

F1
0�5½5

3
0�. In this case, evaluation of

the LD-derivative of h yields h0ððT̂ k
; ẑÞ; ðA2;MÞÞ5½0 0�, and so

g0ðẑ; MÞ5A2 Finally, by the chain rule for LD-derivatives, we

have that

Tk0 ðŷ; IÞ5g0 ŷ;QkðŷÞ
� �

;
I

Qk0 ðŷ; IÞ

" # !
5g0ðzðŷÞ; MÞ5A2:

Applying this procedure for all Qk, we complete the sorted

list of triples at all nondifferentiable points on the composite

curves. Now we must calculate the log-mean temperature dif-

ference between the endpoints of each enthalpy interval. To

do this, it is necessary to slightly alter the standard definition

of the log-mean temperature difference so that evaluating the

function never results in undefined behavior. The definition

used for this work is as follows (from Zavala-R�ıo et al.21):

DTk
LMðDTk;DTk11Þ5

1

2
ðDTk1DTk11Þ if DTk5DTk11;

DTk112DTk

lnðDTk11Þ2lnðDTkÞ otherwise;

8>>><
>>>:

(22)

where DTk5maxfDTmin;T
k2tkg is the temperature difference

at the start of enthalpy interval k, and DTk115maxfDTmin;
Tk112tk11g is the temperature difference at the end of the

interval. We take the max with DTmin here so that this calcula-

tion of the temperature driving force is only based on feasible

heat transfer. The if statement in the definition of the log-

mean temperature difference is necessary to make the calcula-

tion defined for all possible inputs DTk > 0 and DTk11 > 0.

Fortunately, since this function is continuously differentiable

on the positive quadrant of R2, 21 the if statement in Eq. 22

does not introduce any complications since the standard rules

for automatic differentiation will produce correct derivatives.

We note that the function obtained by composing the function

TkðyÞ (which is itself already a composition of several non-

smooth functions) with the max functions defining DTk and

DTk11, and then the log-mean temperature difference function

remains a nonsmooth function of the unknowns y. As before,

we note that we able to calculate the correct LD-derivatives of

this composite function through application of the chain rule.
In summary, the set of equations describing the MHEX now

consists of the following:X
i2H

FiðTin
i 2Tout

i Þ2
X
j2C

fjðtout
j 2tinj Þ50;

min
p2P
fEBPp

H2EBPp
Cg50;

UA2
X
k2K
k 6¼jKj

DQk

DTk
LM

50:

This is a nonsmooth equation system involving three equa-

tions in three unknowns which can solved using the LP-

Newton method discussed previously. Additionally, we must

ensure that Tout
i � Tin

i ;8i 2 H and tout
j � tinj ;8j 2 C, which is

most easily enforced by setting polyhedral bound constraints

Figure 9. Algorithm for the calculation of LD-
derivatives g0ðẑ; MÞ for a function g implicitly
defined by the equation hðgðzÞ; zÞ50 such
that x̂5gðẑÞ.
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in the LP-Newton method. We also note that since it is neces-
sary to calculate the temperature difference between the com-

posite curves at each Qk in order to evaluate Eq. 17, one can
use the following in place of Eq. 15 in the previous equation
system

min
k2K
fTk2ðtk1DTminÞg50: (23)

This is a more expensive function to evaluate than Eq. 15,

although since most of the computational work must be done
to evaluate Eq. 17, using it in the system of three equations
will be slightly cheaper computationally overall. Our testing
has not been conclusive as to which of these two possible for-

mulations results in faster convergence to the solution; it
appears largely dependent on the problem at hand and the ini-
tial guess provided.

A larger illustrative example that makes use of the full
MHEX model is now given.

EXAMPLE 4. Consider the following process data in Table
4 for five hot streams and five cold streams in a MHEX
(adapted from a heat exchanger network example in Chakra-
borty and Ghosh22). We simulate this MHEX under four dif-
ferent conditions to highlight the flexibility of our model. In
all cases, we use the CPLEX v12.5 callable library23 to
solve the LP at each iteration. We consider the problem to
have converged to a solution when the infinity norm of the
residual functions is less than 1029.

CASE I. For a first example, let y1 � Tout
H5 ; y2 � tout

C5 , and
y3 � UA. Let all other temperatures be fixed at their values in
Table 4 and let DTmin510�C. Solving the system of three
equations (4, 15, and 17) using the LP-Newton method yields
y15131:3�C; y25259:0�C, and y35314:7 kW=K after 125
iterations starting from the solution with utilities present
given by Chakraborty and Ghosh22 and y0

35200 kW=K. The
composite curves for the MHEX in this case are shown in Fig-

ure 10a. We make the observation that the composite curves
resemble those of a two-stream heat exchanger involving
streams of nonconstant heat capacity, despite actually consist-
ing of a number of affine segments. The same numerical result
is obtained by applying only Eqs. 4 and 15 to resolve the com-
posite curves and then calculating UA afterward.

CASE II. The strength of the new approach is more apparent
when UA is specified, rather than calculated. Given UA, a typi-
cal problem is to calculate DTmin in the exchanger, which gen-
erally leads to better design than when DTmin is specified24 (as
it was in Case I). For a second example, assume that we are
re-purposing an old heat exchanger with a UA5400kW=K, let

y1 � Tout
H5 ; y2 � tout

C5 as before, and now let y3 � DTmin. Starting
from the conditions at the solution of the previous case, the
new solution is found in 13 iterations of the LP-Newton method
with y15126:2�C; y25265:5�C, and y353:5�C. The composite
curves for the MHEX in this case are shown in Figure 10b.
Here, the curves are more closely pinched together than in
Case I as a result of the increased heat transfer potential
afforded by the higher UA value.

CASE III. Now consider using the same variables as in
Case II, but using a heat exchanger instead with
UA5200 kW=K. The solution is found in 49 iterations of the
LP-Newton method with y15162:4�C; y25219:4�C, and y35

16:7�C starting from the conditions at the solution of Case I.
The composite curves for the MHEX in this case are shown
in Figure 10c. In this case, we see the location of the pinch
shifts to a significantly lower temperature than in Cases I
and II. We also see Tout

H5 increase and tout
C5 decrease substan-

tially in response to the decrease in UA, resulting in a
larger temperature gap between the composite curves than
in the previous cases.

CASE IV. Finally, consider the problem where
y1 � Tout

H5 ; y2 � tout
C5 , and y3 is a third temperature, say

y3 � Tout
H1 , with DTmin510�C. We must also specify a value

of UA for this MHEX, though we note that not all values of
UA will lead to a feasible solution due to the highly con-
strained nature of the problem. If we let UA5340kW=K,
then the solution is found in 26 iterations with
y15140:1�C; y25259:0�C, and y3575:6�C starting from the
conditions at the solution of Case I. Increasing UA further,
say to 345kW=K results in an infeasible problem, which we
have verified by minimizing the violation of the constraints
with a deterministic global optimization routine. Similarly,
we can reduce the area down to UA5307kW=K and obtain
a solution with y15121:0�C; y25259:0�C, and y35114:0�C
in 31 iterations starting from the conditions at the solution
of Case I, but decreasing UA further again results in an
infeasible problem. The composite curves for this case are
shown in Figure 10(d) for UA5340kW=K and Figure 10(e)
for UA5307kW=K. In both scenarios, we see the shape of
the lower part of the hot composite curve shift in response
to the change in UA, with the pinch point remaining at the
same location as in Case I.

We conclude the description of our new model formulation
for MHEXs by underscoring how it can be used as part of a
rigorous process design strategy in a way that other existing
models cannot. Current simulation-based models are over-
constrained in the sense that they allow for only one unknown
that can be adjusted to meet two requirements: the energy bal-
ance and the second law requirement that heat flows from hot
streams to cold streams. In many such models, the adjustable
temperature is set by the energy balance, so there is nothing
left to adjust to satisfy the second law requirement; it is either
satisfied or not based on the values given for the degrees of
freedom in the problem, leading to temperature crossovers and
other nonphysical solutions. The initial model proposed in the
previous section consisting of Eqs. 4 and 15 addresses this
issue by enabling the user to specify DTmin, thus freeing up
two adjustable temperatures to meet the two requirements. It
is much easier to specify degrees of freedom that have a feasi-
ble solution with this formulation. As noted in Jensen and Sko-
gestad,24 specifying DTmin is somewhat artificial and can even

Table 4. Stream Data for Example 4

Stream
Name

Tin or
tin (8C)

Tout or
tout (8C)

F or f
ðkW�C21Þ

H1 160.0 93.3 8.8
H2 248.9 137.8 10.6
H3 226.7 65.6 14.8
H4 271.1 148.9 12.6
H5 198.9 65.6 17.7
C1 60.0 160.0 7.6
C2 115.6 221.7 6.1
C3 37.8 221.1 8.4
C4 82.2 176.7 17.3
C5 93.3 204.4 13.9
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be counterproductive; it is better thought of as an output of the
model, not an input. The three equation model presented here
consisting of Eqs. 4, 15 or 23, and 17 addresses this issue by
enabling two temperatures and DTmin to be adjustable. How-
ever, to make this work, an area (or the product UA) must be
specified as a degree of freedom. Again, it is much easier to

specify degrees of freedom that have a feasible solution for
this formulation, which enables to user to adjust the area to get
desirable temperature profiles in the MHEX. However, at the
early stages of system design it may not be clear what is a rea-
sonable area to specify. Therefore, the two equation model is
very useful at this preliminary stage because the user can

Figure 10. Composite curves of multistream heat exchangers simulated under conditions of (a) Case I, (b) Case II,
(c) Case III, (d) Case IV with UA5340 kW=K, (e) Case IV with UA5307 kW=K in Example 4.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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specify a reasonable DTmin, obtain valid composite curves, and

then calculate the corresponding MHEX area (or equivalently

use the three equation model with the area as one of the

unknowns, as in Case I of Example 4). Once this area is

known, the user can use the three equation model with other

quantities as unknowns while adjusting the area value around

this base value.

LNG Process Case Study

We now present an application of the proposed method to

the simulation of a complex LNG production process featuring

compression and expansion of process streams as described in

Wechsung et al.25

EXAMPLE 5. A flowsheet for an offshore LNG process is
shown in Figure 11. Prior to considering heat integration,
many of the physical process streams must be split into multi-
ple independent substreams, each with constant heat capacity,
to better model the true cooling curves. As in Wechsung
et al.,25 the natural gas process stream (NG-x) is split into
three separate hot streams (H1-H3), the cold carbon dioxide
stream (CO2-x) is split into two separate cold streams (C1-
C2), and the cold nitrogen stream (N2-x) is split into three
cold streams (C3-C5). The remaining process streams are not
divided into substreams, resulting in a total of 4 hot streams
and 7 cold streams that are considered from the perspective
of heat integration in the model. HX-100 handles 3 hot
streams and 6 cold streams while HX-101 handles 1 hot
stream and 3 cold streams, as detailed in the first three col-
umns of Table 5.

This problem was originally designed as an optimization
problem, so there are too many unknown variables in the for-
mulation from Wechsung et al.25 to simulate the process.
Therefore, some of the variables (namely all of the pressures
and flowrates, along with some of the temperatures) are fixed
to their values from the solution given in Wechsung et al.25

which involved no external utilities. Table 5 gives the values
of the parameters used in the model as well as the quantities
left as unknown variables for this study. There are a total of
nine unknowns in the simulation problem: seven temperatures,
of which two are solved for by each heat exchanger model and
three are solved for by the equations describing the three com-
pression/expansion operations, and two additional variables
(one for each MHEX) that we are free to pick as UA, DTmin,
etc., as shown in the previous example. The compression and
expansion operations are modeled as polytropic processes for
ideal gases with polytropic exponent j51:352, as in Wech-
sung et al.25

We now explore several test cases, as in Example 4. As
before, we use the CPLEX v12.5 callable library to solve the
LP at each iteration and consider the problem to have con-
verged to a solution when the infinity norm of the residual
functions is less than 1029.

CASE I. As a base case, we simulate the process with the
variables y1 through y7 assigned as in Table 5,
y8 � UAHX-100, and y9 � UAHX-101. DTmin is specified as 4 K
for both exchangers. The model converges to the solution
shown in the Case I column of Table 6 after 128 iterations
from the initial guess y05½300 200 100 150 150 100 300
100 100]. This solution differs slightly from the solution
reported in Wechsung et al.,25 however, we note that the
authors used the disjunctive formulation from Grossmann
et al.,9 whereas we have solved the nonsmooth equations
directly, and so a small difference is not unexpected. The

Figure 11. Flowsheet for the LNG process in Example 5
(from Wechsung et al.25).

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]

Table 5. Given Data and Unknown Variables for the Offshore LNG Process Case Study

Stream Inlet Outlet F or f ðkW
K
Þ Tin or tinðKÞ Tout or toutðKÞ Press.(MPa)

H1 NG-2 NG-3 3.46 319.80 265.15 10.0
H2 NG-2 NG-3 5.14 265.15 197.35 10.0
H3 NG-3 NG-4 3.51 197.35 104.75 10.0
H4 N2-8 N2-9 1.03 y1 y2 2.7
C1 CO2-2 CO2-3 5.19 221.12 252.55 6.0
C2 CO2-2 CO2-3 6.10 252.55 293.15 6.0
C3 N2-2 N2-3 2.23 103.45 171.05 10.0
C4 N2-3 N2-4 1.62 171.05 218.75 10.0
C5 N2-3 N2-4 1.06 218.75 221.11 10.0
C6 N2-6 N2-7 0.96 y3 221.15 0.4
C7 N2-5 N2-6 0.96 y4 y3 0.4
C8 N2-11 N2-12 0.93 y5 y6 0.1
C9 N2-10 N2-11 0.93 y7 y5 0.1

Table 6. Results for the Different Cases of the LNG Process

Case Study

Variable Case I Case II Case III

y1 365.07 K 365.07 K 365.07 K
y2 225.44 K 217.66 K 231.10 K
y3 193.35 K 196.09 K 195.06 K
y4 95.08 K 95.08 K 95.08 K
y5 180.85 K 174.75 K 194.58 K
y6 357.14 K 362.46 K 352.12 K
y7 95.14 K 91.85 K 97.52 K
y8 97.54 kW/K 2.62 K 199.06 K
y9 31.09 kW/K 1.26 K 168.25 K
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composite curves for the two MHEXs in this case are shown
in Figure 12a and b.

CASE II. Now we consider a case where the available U
AHX-100 is fixed at 120 kW/K, and UAHX-101 is fixed at 30
kW/K. Variables y1 through y7 are as assigned as in Table 5,

y8 � DTmin;HX-100, and y9 � DTmin;HX-101. The model con-
verges to the solution given in the Case II column of Table 6

after 28 iterations starting from the solution found in Case I.
The composite curves for the two MHEXs in this case are
shown in Figure 12c and d. As can be seen, the curves are
more closely pinched together throughout HX-100 than in

Figure 12. Composite curves of the simulated results of Example 5 under the conditions of (a) Case I for HX-100,
(b) Case I for HX-101, (c) Case II for HX-100, (d) Case II for HX-101, (e) Case III for HX-100, (f) Case III
for HX-101.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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Case I as a result of the increased UA value, with the pinch
point location shifting to the high temperature extreme. Note
that DTmin;HX-101 also decreases relative to Case I in order to
satisfy the overall process model (even though UAHX-101 was
specified as a lower value), so the other variable cold outlet
temperatures decrease significantly to compensate.

CASE III. Now consider the problem where y1 through y7

are as assigned as in Table 5, y8 � Tout
H2 , and y9 � tout

C3 . We
then specify the UAHX-100585 kW/K and UAHX-101535 kW/K.
DTmin is specified as 4 K for both exchangers. The model
converges to the solution given in the Case III column of
Table 6 after 48 iterations starting from the solution found
in Case I, and the composite curves for this case are shown
in Figure 12e and f. The reduction in UAHX-100 as compared
with Cases I and II leads to larger temperature differences
throughout the exchanger than in those simulations, while
the increase in UAHX-101 leads to closer temperature
approaches in this exchanger (though both exchangers main-
tain the same pinch points from Case I). However, as in
Example 4, the feasibility of the problem is highly dependent
on the choices of the UA values. This again highlights the
fact that for this particular designation of unknowns and
degrees of freedom, there is only a small region in which all
the constraints can be satisfied.

Conclusions

A new method for the simulation and design of processes
with MHEXs has been presented, based on recent develop-
ments in nonsmooth analysis. While traditional models for
multistream heat exchange operations can only be solved for a
single unknown variable (using the energy balance), this new
model allows for up to three unknown quantities to be calcu-
lated simultaneously. The model proposed here also allows for
the specification of parameters such as the heat exchange area
or the minimum approach temperature as inputs to the model,
rather than simply calculating these quantities after the energy
balance has already been solved. The nonsmooth equations in
these formulations can be solved precisely and with a guaran-
teed local quadratic convergence rate, owing to the automatic
calculation and use of B-subdifferential elements in the equa-
tion solving methods. The performance and versatility of the
solution procedure has been demonstrated in illustrative exam-
ples and on a LNG process flowsheet containing multiple
MHEXs in addition to several other process units.

The next step in the current line of work will involve includ-
ing equations for the detection and simulation of phase
changes, which are commonly encountered in cryogenic proc-
esses within MHEXs. Future applications involve adapting the
model introduced here for other purposes, such as for multi-
stream mass and water exchange networks, as well as includ-
ing this model in a mathematical programming framework for
optimization studies.
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Notation
A = heat transfer area

AP = pinch location function
C = index set of cold streams

EBP = extended curve pinch location function
Fi = heat capacity flow rate of hot stream i
fj = heat capacity flow rate of cold stream j

f 0ðy; MÞ = lexicographic directional derivative of f at y in the directions
M

Fh = family of continuously differentiable selection functions for
the piecewise continuously differentiable functions h

H = index set of hot streams
L = index set for unsorted enthalpy values
K = index set of nondifferentiable (kink) points in and endpoints

of the composite curves
P = index set of pinch candidates
Pl = enthalpy in unsorted list entry l
Qk = enthalpy at nondifferentiable/end point k

QC = enthalpy provided by cold utility
QH = enthalpy provided by hot utility
Tin

i = heat exchanger inlet temperature of hot stream i
tin
j = heat exchanger inlet temperature of cold stream j

Tout
i = heat exchanger outlet temperature of hot stream i
tout
j = heat exchanger outlet temperature of cold stream j
Tp = temperature of pinch candidate p
Tk = hot stream temperature at nondifferentiable/end point k
tk = cold stream temperature at nondifferentiable/end point k

DTk = hot and cold stream temperature difference at nondifferentia-
ble/end point k

DTLM = log-mean temperature difference
DTmin = minimum approach temperature between hot and cold

streams
U = overall heat transfer coefficient
y = vector of unknowns in the model
Y = polyhedral set of bounds on the variables y

b = user-defined parameter in smoothing approximation
c = variable in LP objective of the LP-Newton method

@BfðyÞ = B-subdifferential of f at y

/ = selection function, element of F h
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